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1 ) In t roduct ion 
A peak appearing a t  4 times the energylcharge (E/q)  l oca t ion  o f  the 
hydrogen peak i n  two Vela 3 e l e c t r o s t a t i c  analyzer spectra o f  so l a r  wind 
ions was in te rp re ted  as being mostly due t o  He+ (Bame e t  al,  1968). The 
He+ abundance r e l a t i v e  t o  Het+ was measured t o  be 3 x lom3 t 50% (~ame, 1971). 
Two other spectra pub1 i shed by Bame . eta11 968) y i e l  ded on ly  an upper 1 i m i  t 
of fo r  nHe+(re)/nHe++(re),the r a t i o  o f  number dens i t ies  a t  r = r e  = 
1 AU. A more recent attempt (Bame e t  a1 , 1970) t o  determine the mass and 
charge composition i n  the so la r  wind a t t r i b u t e d  a peak located a t  4 times 
the E/q l oca t ion  o f  H+ as probably due t c  si7+ instead o f  He'. 
The Vela 3 observation cannot be explained simply since nHe+(Pe)/ 
6 
nHe++(h) i s  expected t o  be o f  the order o f  3 x f o r  a 10 O K  corona 
(Tucker and Gould, 1966). Hundhausen e t  a1 (1968) attempted an explanation 
i n  terms o f  a model proposed e a r l i e r  by Patterson e t  a1 (1963). This model 
considers the so la r  wind protons converted by charge exchange w i t h  ga lac t i c  
hydrogen i n t o  hot, i so t r op i c  neut ra l  hydrogen atoms a t  an assumed spher ical  
shock boundary surrounding the he1 iosphere. These f a s t  neut ra ls  f low i n  
towards the sun where a small f r a c t i o n  charge-exchange w i t h  the so la r  wind 
He'+ t o  produce the ~ e + .  They f i n d  t h a t  i f  1% o f  the so la r  wind protons 
f i n d  t h e i r  way back w i t h i n  1 AU and i n t e r a c t  w i t h i n  1 AU, enough He+ could 
be produced t o  exp la in  the Vela 3 data. Holzer and Axford (1970) t r i e d  
t o  exp la in  the r a t i o  o f  3 x by assuming t h a t  the so la r  system i s  
moving through an i nte rs te l  1 a r  gas cloud. Neutral He would be g r a v i t a t i o n a l l y  
focused by the sun, photoionized and then incorporated i n t o  the so la r  wind 
+ 
as He . 
Rocket observations o f  d i f f use  extreme u l  t r a v i o l e t  r ad ia t i on  (EUV) 
(Young e t  a1 , 1968, Johnson e t  a1 , 1971a) from the n i gh t  sky y ie lded  an 
0 
upper l i m i t  o f  2 Rayleighs o f  584 A rad ia t ion  (Johnson e t  a1 , 1971b). I f  a l l  
0 0 
d i f f use  584 A  rad ia t i on  were t o  be in te rp re ted  as due t o  the so la r  584 A 
l i n e  backscattered by neutral  He i n  in terp lanetary  space, then 2 Rayleighs 
-2 -3 corresponds t o  nHe(w) = 3 x  10 cm . This i s  no t  a  r e s t r i c t i o n  t o  the 
Holzer and Axford (1970) i n t e rp re ta t i on  o f  the Vela 3 measurements. 
t I n  t h i s  paper we consider the o r b i t s  o f  i n t e r s t e l l a r  He ions i n j ec ted  
i n t o  an i dea l  (noise-free) Archimedean s p i r a l  magnetic f i e l d .  The ~ e +  ions 
o r i g i na te  from i n f a l l  i ng i n t e r s t e l l  a r  wind neut ra l  He atoms which are 
ion ized i n  the in te rp lane ta ry  medium. We thus determine the ve loc i t y  
d i s t r i b u t i o n  funct ion o f  ~ e +  expected a t  1  AU as a  func t ion  o f  azimuthal 
pos i t i on  4 i n  the e c l i p t i c  f o r  d i f f e r e n t  i n t e r s t e l l a r  wind parameters. This 
study a lso gives o r b i t s  o f  atoms o r  molecules which escape from so la r  system 
bodies and are ion ized i n  in terp lanetary  space. An example o f  such a  source 
could be neut ra l  hydrogen ion ized beyond the disturbed i n te r f ace  between 
the Venusian ionosphere and the sol  a r  wind. Detection and i d e n t i f i c a t i o n  
o f  such p a r t i  c les could y i e l d  informat ion concerning atmospheric abundances 
and thermal izat ion processes i n  the so la r  wind. F i n a l l y  we compare the 
various in te rp re ta t ions  o f  i n f a l l  i ng neutral  He w i t h i n  the in terp lanetary  
medi um. 
2)  P i t ch  angle sca t te r ing  by magnetic i r r e g u l a r i t i e s  i n  the so la r  wind 
Before proceeding t o  a  discussion o f  the o rb i  t s  o f  very-1 ow-energy 
charged p a r t i c l e s  i n j ec ted  i n t o  the so la r  wind we consider the magnitude o f  
the per turbat ion caused by cycl  otron-resonant p i  tch-angl e  sca t te r ing  from 
magnetic i r r e g u l a r i t i e s  convected by the so la r  wind. The probletn w i th  
relevance t o  the low-energy p a r t i c l e s  of i n t e r e s t  here has been t reated 
t heo re t i ca l l y  by Sturrock (1966) and Hal 1  and Sturrock (1967) and appl l e d  by 
Barnes (1970) t o  f a s t  p a r t i c l e s  accelerated a t  the ear th ' s  bow shock and 
moving upstream i n  the so la r  wind. Assuming the dominant sca t te r ing  process 
i s  pure magnetic cyclotron-resonant p i  tch-angle scat ter ing,  the p a r t i c l e  
ve loc i t y  p i  tch-angle d i s t r i b u t i o n  funct ion F i s  we1 1 -approximated by a 
d i f f u s i o n  equation o f  the form 
where V, i s  the p a r t i c l e ' s  ve loc i t y  component para1 l e l  t o  the unperturbed 
magnetic f i e l d  Bo, and 
where v = eBo/2mc i s  the cyc lo t ron frequency, and P(vl ) i s  the power densi ty 
spectrum o f  the transverse magnetic f i e l d  f l uc tua t ions  evaluated a t  the 
frequency v'  which i s  doppler-shi f t e d  i n t o  the cyc lo t ron frequency i n  the 
rest-frame o f  the p a r t i c l e .  To obta in  an order o f  magnitude o f  the time 
+ 
scale T f o r  the d is rup t ion  o f  a beam o f  He p a r t i c l e s  moving r e l a t i v e  t o  
the so la r  wind, we approximate G as a constant and se t  x = cos 8 so t h a t  
I n  the frame o f  reference movi ng w i  t h  the p a r t i c l e  beam 
where the Pa(x) are Rth order Legendre polynomials. Thus the decay t i n e  r Q  
i s  given by 
TII = l/[II(II+l)G] . 
Power spectra o f  the in terp lanetary  magnetlc f i e l d  have been reported 
by Coleman (1966) f o r  the Mariner 2 magnetometer, by Siscoe e t  a1 (1968) f o r  
the Mariner 4 magnetometer and by Sar i  and Ness (1969) f o r  the Pioneer 6 
magnetometer. Comparison o f  these resu l t s  ind icates t h a t  the power l eve l  
a t  a given frequency can vary s i g n i f i c a n t l y  depending on so la r  a c t i v i t y .  
Since the ~ e +  p a r t i c l e s  t o  be discussed l a t e r  are f o r  the most p a r t  moving 
away from the sun, a conservative choice o f  frequency f o r  evaluat ing the 
power spectrum i s  the cyc lo t ron frequency which f o r  ~ e +  i n  a 6y magnetic 
-1 2 f i e l d  ( a t  1 AU) i s  2.3 x l om2  hr. Choosing P(2 x 1om2hz) = 3 x 10 y /hz 
from Mariner 4 data f o r  qu ie t  periods y i e l ds  
5 5 and consequently rl = 5 x 10 sec. But 5 x 10 sec i s  about equal t o  the 
expected i o n  t r a n s i t  times from r = 0.1 AU t o  1 AU i f  the He r a d i a l  
ve l oc i t y  a t  the p o i n t  o f  i on i za t i on  i s  away from the sun. 
This est imate fo r  T i s  probably uncerta in by a t  l e a s t  two orders o f  
magnitude due pr imar i  l y  t o  the approximate nature o f  the d i f f u s i o n  equation, 
the evaluat ion of P a t  1 AU and the choice o f  R = 1. O f  course, more peaked 
p i  tch-angle d i s t r i b u t i o n  funct ions are characterized by higher R val  ues 
and so are damped more quickly.  Most important, because i t  i s  unknown 
experimental l y  , i s the rad i  a1 dependence o f  the power spectrum evaluated 
a t  the doppl er-shi  f t e d  gyrofrequency . Evidence from Mariner 4 magnetic 
f i e l d  data (Coleman e t  a1 , 1969) ind icates t h a t  the power densi ty f o r  a 
given frequency general ly  decreases roughly as r-2 f o r  1 AU < r < 1.43 AU 
where r i s  the he l i ocen t r i c  distance. But as r increases, B decreases and 
so does the gyrofrequency. The rad ia l  dependence which i s  re levant  t o  our 
problem i s  t h a t  o f  the power densi ty spectrum evaluated a t  the doppler- 
sh i f ted gyrofrequency. From f i gu re  14 o f  Coleman e t  a1 (1969) i t  i s  seen 
t ha t  t h i s  i s  almost independent o f  r fo r  1 AU c r c 1.43 AU. In any case, 
i t  i s  expected t o  be less dependent upon r than the power densi ty spectrum 
evaluated a t  a f j  xed frequency. 
Consi de r i  ng these uncerta i  n t i es  coup1 ed w i  t h  the measured v a r i  abi 1  i ty 
o f  the so la r  wind, one can ne i the r  conclude t h a t  s i  gni f i c a n t  p i  tch-angle 
+ 
sca t te r ing  occurs i n  t r a n s i t  t o  1  AU nor t h a t  the He o r b i t s  remain 
unperturbed by magnetic f i e l d  f luc tuat ions.  Furthermore, as pointed ou t  by 
Barnes, rl re fe r s  only t o  the d is rup t ion  o f  the beam by hydromagnetic waves 
bu t  no t  t o  thermalizat ion. The time scale f o r  thermal izat ion i s  expected 
t o  be longer. 
It i s  thus useful t o  determine the unperturbed o r b i t s  i n  an idea l  
s p i r a l  magnetic f i e l d  as a  funct ion o f  i n j e c t i o n  pos i t i on  and ve loc i t y .  It 
i s  expected t h a t  p a r t i c l e s  i n j ec ted  a t  small r w i l l  undergo some degree 
of p i  tch-angle sca t te r ing  whereas those in jec ted  around 1 AU w i  11 f o l l ow  
t 
unperturbed o rb i t s .  One can then compare fu tu re  measurements o f  the He 
ve loc i t y  d i  s t r i  b u t i  on funct ion w i  t h  both the thermal i zed and unperturbed 
1 i m i  t s  t o  obta in  informat ion concerning i n te rs te l  1  a r  wind parameters as 
wel l  as wave-part icle in te rac t ions  i n  the so la r  wind. 
3) Unperturbed o r b i t s  o f  a  t e s t  p a r t i c l e  i n j ec ted  i n t o  the so la r  wind 
The coordinate system re levant  t o  t h i s  discussion i s  shown i n  Figure 
1. The sun i s  assumed t o  move w i t h  velocity<?_) r e l a t i v e  t o  a  co ld  
(T=lOO°K) i n t e r s t e l l a r  cloud such t h a t  i n  the frame o f  reference w i t h  the 
sun a t  r e s t  a t  the o r i g i n ,  neut ra l  He atoms appear t o  be moving para1 l e l  
t o  the Y-Z plane a t  an angle@ w i t h  respect t o  the Z axis. The pos i t i ve  Z 
ax is  i s  or iented northward perpendicular t o  the e c l i p t i c .  The X-Y plane i s  
coincident w i t h  the e c l i p t i c .  I n f a l l i n g  He atoms f o l l ow  hyperbol ic  t r a j e c t -  
o r ies  before being ion ized by so la r  EUV. A f t e r  i on i za t i on  they are accel- 
erated by a  r a d i a l l y  convected s p i r a l  magnetic f i e l d .  A1 though the s p i r a l  
magnetic f i e l d  pa t te rn  i s  c y l i n d r i c a l l y  symmetric, the subsequent charged- 
p a r t i c l e  t r a j ec to r i es  are not, due t o  the asymmetric i n i t i a l  i n j e c t i o n  
ve loc i t i es  which w i  11 now be discussed. 
Each He atom hyperbol ic o r b i t  i s  planar. Every p o i n t  i n  the orb! t 
plane can be spec i f i ed  equ iva lent ly  by r, the r a d i a l  distance from the sun, 
and 6, the angle between '; and(C),or WI by two impact parameters p, and p2 
i d e n t i f y i n g  both a d i  r e c t  and i ndi r e c t  o rb i  t respect ive ly  which pass through 
t h a t  po in t .  Fahr (1968) obtained an expression f o r  the neut ra l  number 
densi ty n ie(P) a t  any po in t  f o r  T=O°K. using the con t inu i t y  equation. 
Rewrit ing h i s  r esu l t s  we obta in  
where 
- 
1 /2 +Ir 'in &j2+ rb(1  + cos 6)l , p1 - 2 
p2 = p1 - r s i n  6 , 
"e (-) i s  the number densi ty o f  neutral  He a t  r = w, P(re) i s  the p r o b a b i l i t y  
per sec for  i on i za t i on  a t  re = 1 AU, G i s  the g rav i ta t iona l  constant, and M 
i s  the so la r  mass. P(re)  i s  var iable,  but  i s  chosen here as 
I n  Figures 2 and 3 we p l o t  two cuts through the normalized neutral  He 
number densi ty d l  s t r i  b u t i  on, nie(r)/nHe(m). The rad i  a1 dependence o f  
n;,(r)/nHe(-) for<vW> = 20 km/sec or iented i n  the e c l i p t i c  (Ib-90°) i s  
p l o t t e d  i n  Figure 2 f o r  e c l i p t i c  pos i t ions or iented a t  r i g h t  angles t o  
. One sees that ,  beyond 1 AU, nie(r)/nHe(m) i s  essen t i a l l y  constant. 
On the o ther  hand, the azimuthal dependence i s  dominated by a dense t a i  1 
i n  the anti-apex d i rec t ion.  This feature i s  charac te r i s t i c  o f  the grav i -  
t a t i ona l  focusing problem; i t  i s  rea l  and l i m i t e d  only by the temperature 
o f  the i n f a l l i n g  gas. For 6 = 0 and T = O°K, pl = p2; hence both nl and n2 
= -. For T d i f f e r e n t  from zero but  such t h a t  mw, >> 1 we can obta in  an 
ana l y t i c  expression f o r  nl and n2 a t  6 = 0 by i n t eg ra t i ng  n i e ( r )  weighted 
a 
by an i sotrop i  c Maxwell i an vel  oc i  t y  d i  s t r i  b u t i  on funct ion over Vw. The 
vel  oc i  ty-space coordinate system f o r  t h i s  ca lcu la t ion  i s  out1 i ned i n  Figure 
4. 
For 6 << 1, we can w r i t e  a Maxwellian d i s t r i b u t i o n  i n  the form 
Then, 
2 
n ~ e  ( r , 0)  = [I/ n ~ r ,  0) ~ ( ~ ~ ) " ~ d v ~ s i n 6 d 6 d q  . 
To f i nd  nie(r ,6) ,  note t h a t  
l i m  (pl-p2) = r 6 , 
6- 
hence 2 l / 2 e x p ~ r r e  ';re) 1 
(2br11 2(vm) 
and 
nHe(r,o) = 
mvw<va 7 
Here we have extended the l i m i t s  o f  i n tegra t ion  f o r  6 t o  +w since 
>> 1 and the exponenti a1 w i  11 cu t  o f f  the i n teg ra l  . The 6 i n teg ra l  can then be 
evaluated exact ly.  In tegra t ion  over Vm i s  st ra ight forward.  The r e s u l t  i s  
Off -axis values o f  nHe(r,6) were constructed using the parabol ic-  
I n t e rpo la t i on  formula 
where D i s  determined by the imposed const ra in t  
2 
-nreP (re) 
n ~ e  (r,o) ( 1 - 0 ~ 5 ~ )  - - 6, n ~ e  (w)($)"2 exp [ 7] 
a t  some angle 6c. This y i e l d s  
-1 /2 
and 2 
2WVJ  
D = ~  
The neut ra l  He normalized number densi ty d i s t r i b u t i o n  i s  p l o t t e d  i n  Figure 3 
as a funct ion o f  e c l i p t i c  azimuth $I  for<^_)= 20 km/sec, T = 100°K and 
r = 0.5 AU. The upper curve re fe r s  t o  d i r e c t  o r b i t s  (characterized by 
impact parameter p,) and the lower curve refers t o  i n d i r e c t  o r b i t s  (charac- 
t e r i zed  by impact parameter p 2 )  The He densi ty p l o t t e d  i n  the neighborhood 
o f  $I = 270" i s  the sum o f  cont r ibut ions from both d i r e c t  and i n d i r e c t  o rb i t s .  
Two important charac te r i s t i cs  o f  the curves should be noted. F t r s t ,  i n  the 
forward hemisphere d i r e c t  o r b i t  dens i t ies  dominate i n d i r e c t  o r b i t  dens i t ies  
due t o  the much longer angular distance t rave l  l e d  by the l a t t e r .  Secondly, 
there i s  a marked anisotropy (here 67: l )  o f  number densi ty i n  backward 
and forward d i rec t ions  r e s u l t i n g  from an enhanced t a i l  w i t h  FWHM = 3.1" 
for  T = 100°K. 
We now spec i fy  the i o n  pos i t i on  i n  the usual e c l i p t i c  po la r  coordinates 
r, 8, 4 where r i s  the r a d i a l  distance from the sun, 8 i s  the po la r  angle 
w i t h  respect t o  the nor th  e c l i p t i c  and 9 i s  the azimuthal angle w i t h  
a 
respect t o  the x axis. We f u r t h e r  def ine x as the angle between r and 
a 
the magnetic f i e l d  B. Then the Archimedean s p i r a l  magnetic f i e l d  i s  given 
L 
B+ = -B,(;) tan X 
I3 = € 3  /COS x 
r w  s i n  8 2 -1/2 where cos x = [ 1 +[V) ] , the angular speed o f  the sun w = 
SW 
2.9 x rad/sec, Ba i s  the r a d i a l  component of the magnetic f i e l d  a t  
some reference radius a and V, i s  the rad ia l  so l a r  wind ve loc i ty .  
The equations governing the motion o f  a charged t e s t  p a r t i c l e  i n  a 
s lowly varying e l e c t r i c  and magnetic f i e l d  i n  the guiding center approximation 
were developed by Northrop (1 963). The motion can be separated i n t o  3 
components : 1 ) the superposi ti on VD o f  various d r i f t  ve l  oc i  t i e s  perpendi cu l  a r  
t o  the magnetic f i e l d ,  2) a c i r c u l a t i n g  ve loc i t y  VA about the magnetic 
f i e l d ,  3) a ve loc i t y  V, p a r a l l e l  t o  the magnetic f i e l d .  We now t r e a t  each 
o f  these components i n tu rn  speci a1 i z i  ng t o  the above rad i  a1 1 y convected 
s p i r a l  magnetic f i e l d  pattern. 
1 ) The only perpendicular d r i f t  ve l oc i t y  o f  consequence i s  t h a t  due t o  
the appearance of an e l e c t r i c  f i e l d  i n  the frame o f  reference a t  r e s t  w i t h  
Z 
respect t o  the sun. Here VD = Vs, s i n  x wi th  d i r e c t i o n  perpendicular t o  B 
but  confined t o  the cone spec i f ied by 8 = constant. 
4 
2) The component o f  motion c i r c u l a t i n g  about B I s  determined i n  the 
ad iabat ic  l i m i t  (which f i t s  our problem) by the conservation o f  the magnetic 
moment p, given by 
3) The equation governing the motion p a r a l l e l  t o  the f i e l d  d i r ec t i on  
given by Northrup (1963) i s  
where m i s  the mass of the pa r t i c l e ,  the magnetic f i e l d  d i r ec t i on  i s  
a 
spec i f i ed  by the u n i t  vector e, , g i s  the component o f  the sun's grav i -  
a t a t i o n a l  accelerat ion along e, , q i s  the p a r t i c l e  charge, E ,, i s  the component 
o f  e l e c t r i c  f i e l d  p a r a l l e l  t o  $, , and s i s  arc length along 2. . I n  our 
A a A  A ael' = 0. Set t ing  = e ,, V i n  equation (4) and problem E,, = 0 and 
car ry ing through the algebra we obta in  
GM cos x Vs, s inL x 
- =  
2 dvli ~ ~ B c o s ~ ( l + ~ ~ ~ ~ )  - t 3 2 d t  m r r a  r [Vsw cos x -V,, (I+COS XI]. 
(5 
The t o t a l  non-ci rculat ing ve loc i t y  i s  then given by 
y i e l d i n g  
d r  2 a' " s  c o s x + V s , s i n  x . 
Combining equations 5 and 6 t o  e l iminate  the time we obta in  ( a f t e r  some 
algebra) an equation f o r  V,, i n  terms of r alone : 
+ Vlf cos X rn r 
Equation 5 can be in tegrated t o  y i e l d  
2 v f (5) V r =  (V,, cos X + V  s i n X )  = f  SW SW -12 
V = - s i n  x + VSw s i n  x cos X) = 
where 
Here 5 = wrsin9/Vs, i s  a dimensionless rad ia l  distance and a l l  quan t i t i es  
appearing w i th  a subscr ipt  zero r e f e r  t o  the i n i t i a l  condit ions. The 
equation f o r  the t r a j ec to r y  can be w r i t t e n  i n  dimensionless form as 
5s i nOVr d3 = 
- = + s ine .  ,, f ( s )  
do vc! ~ ( l + s ~ ) " ~  i f ( d 1  
where the minus and plus signs r e f e r  t o  motion i n  toward o r  away from the 
sun respect i  ve ly  . 
To complete the problem the i n i t i a l  ve l oc i t y  condit ions a t  the po in t  
o f  i n j e c t i o n  need be speci f ied.  We consider f i r s t  the t r a j ec to r i es  r e s u l t i n g  
from a zero i n i t i a l  ve l oc i t y  and then proceed t o  the i n t e r s t e l l a r  wind 
problem. 
a )  Zero-veloci ty i n i t i a l  condi t ions 
Here V,, = 0 and go = VD = VSW s i n  x0 since the o r b i t s  are i n i t i a l l y  
cyc lo ida l .  Equation 11 was solved on the Univers i ty  of Wisconsin's Univac 
1108 computer w i t h  a  "Math-Pack" subroutine u t i l i z i n g  Hamming's method o f  
so lv ing  ord inary  f i  rs t -o rder  d i  f f e r e n t i  a1 equations. The i n i t i a l  non- 
a 
c i r c u l a t i n g  v e l o c i t y  i s  perpendicular t o  B bu t  away from the sun. Since B 
decreases as r increases, the conservation o f  the magnetic moment converts 
p a r t  o f  the c i r c u l a t i n g  v e l o c i t y  i n t o  the para1 l e l  component. Spec ia l iz ing 
t o  the problem o f  i n j e c t i o n  i n t o  the unperturbed so la r  wind a t  Venus, the 
azimuthal angle as a  func t ion  o f  radius character iz ing the t r a j e c t o r y  i s  
p l o t t e d  i n  f i g u r e  5. Components o f  the ve l oc i t y  as a  func t ion  o f  r are 
p l o t t e d  i n  f i g u r e  6. Here, as throughout the paper, VSW = 400 kmlsec. Since 
both the s p i r a l  f i e l d  pa t te rn  and the i n i t i a l  i n j e c t i o n  condi t ions are az i -  
muthal ly  symmetric about the sun, there i s  no focusing o f  the p a r t i c l e  beam 
i n  the e c l i p t i c .  Thus i t s  observed angular diameter should remain constant. 
Any dev ia t ion would then be due t o  i n t e rac t i on  w i t h  magnetic i r r e g u l a r i t i e s  
convected by the wind. 
b) I n t e r s t e l  1 a r  i n f a l l  i n i  ti a1 condi t i ons  
The neu t ra l  p a r t i c l e  ve l oc i t y  a t  the p o i n t  o f  i on i za t i on  i s  determined 
by conservation o f  energy and angular momentum. For the i n d i r e c t  o rb i  t s  
2  
OD 
' and V = - V, pp/ro, where b  = GM/V _. v, = v [I + 2b/ro - (p2/ro) I 
Y 
For the d i r e c t  o r b i t s  V, = t v O D  [1+2b/r - (Pl/r) 1 where the * r e f e r  t o  
> 
Y  < Ymi n  = tan-' (-Pl/b) and V = V P /ro. The i n i t i a l  neut ra l  ve l oc i t y  i s  Y 1  
a a *a a .a 
VN = Vr er + V e,,yielding (V,,)_ = VR, and (VL)OD = VN - VN,*e,, - V, . Yt 
The e f f e c t  o f  the asymmetry o f  these i n i t i a l  condi t ions w i t h  respect t o  
azimuthal i n j e c t i o n  angle, $, on the subsequent t r a j e c t o r i e s  i s  greater  as 
ro decreases. This asymmetry i s  i l l u s t r a t e d  i n  f i gu res  7 and 8  f o r  i n j e c t i o n  
from d i r e c t  and i n d i r e c t  neut ra l  o r b i t s  respect ive ly  a t  r, ~ 0 . 1 5  AU w i t h  
- 
& a 
V, and ro i n  the e c l i p t i c .  The e f f e c t  i s  most not iceable f o r  the d l r e c t  o r b i t s  
character ized by 90' < $0 < 270'. As $, increases from 90°, the magnetic 
I - 
moment decreases due t o  a  cance l la t ion e f f e c t  reducing the magnetic m i r r o r  
repuls ion o f  the diverging f i e l d  l i nes .  Consequently there i s  a  region o f  
impact angles around $,= 180" f o r  which ionized He atoms have access t o  the 
photosphere. This assumes a noise-free Archimedean s p i r a l  model extending 
a1 1  the way i n  t o  the photosphere which i s  no t  the case i n  r e a l i t y .  
Proceeding f u r t h e r  around i n  azimuthal angle, Vr decreases t o  zero as we1 1, 
y i e l d i n g  t r a j ec to r i es  which c i r c u l a t e  about the sun through 1 arge angles 
before making t h e i r  way out  t o  la rge r. One such t r a j ec to r y  no t  p l o t t e d  i n  
f i gu re  7  c i r c l e d  about the sun 3 times before reaching la rge  r. Of course 
such an o r b i t  i s  unphysical due t o  i n t e rac t i on  w i t h  magnetic i r r e g u l a r i t i e s  
bu t  i t  i 11 ustrates the azimuthal focusing charac te r i s t i cs  o f  the problem. 
The i n d i r e c t  o r b i t s  are i l l u s t r a t e d  i n  f i gu re  8. These are much more regu lar  
but  s t i l l  demonstrate a  degree o f  azimuthal focusing. The ef fec ts  o f  the 
asymmetric i n i  ti a1 condi ti ons on the t r a j ec to r i es  become less pronounced as 
the i n j e c t i o n  rad i  us increases since the i n f a l  1  ve loc i t y  becomes small 
compared t o  the d r i f t  ve l oc i t y  VD = VSW s i n  X. 
We are in te res ted  i n  ca lcu la t ing  the ~ e +  ve loc i t y  d i s t r i b u t i o n  func t ion  
which would be measured by a  spacecraft observing a t  1  AU i n  the e c l i p t i c .  
Toward t h i s  end we need t o  know the locus o f  a l l  source po in ts  f o r  p a r t i c l e  
t r a j ec to r i es  in te rsec t ing  a  given angular sector  a t  1  AU. This was accom- 
p l  ished numerical ly f o r  20" wide angular sectors centered on 4 = 0°, 90°, 
180°, and 270°, for% ?= 10, 20, and 40 km/sec and f o r  angles o f  incidence @) 
w i t h  respect t o  the nor th  e c l i p t i c  o f  0°, 45", and 90". A l l  o r b i t s  penetrat ing 
t o  ro less than 005 AU were excluded from consideration. Typical conf igurat ions 
are i 11 ust ra ted f o r  d i r e c t  and i n d i r e c t  o r b i t s  i n  f igures 9 and 10 f o r  6 ~ ~ 7  = 
20 km/sec and @ = 45". As can be seen, the focusing e f f e c t  o f  the i n t e r -  
p l  anetary f i e l  ds becomes more promi nent a t  small i n j e c t i  on rad i  i . For example , 
the locus o f  po in ts  in te rsec t ing  the @ = O0 sector  from ro m0.15 AU s p l l  t s  i n t o  
2 angular sectors a t  0.15 AU due to  the part ia l  cancel lation of the magnetic 
moment coupled with the changing sign (from-to + as $0 increases past the 
angle of peri he1 ion) of the i ni t i  a1 radial velocity. 
+ To construct the He velocity distribution function we m u s t  sum 
separately the contri butions enclosed within each sectored 1 ocus diagram 
for  both d i rec t  and indirect  orbi ts .  Denoting d i rec t  neutral o rb i t  i n i t i a l  
conditions by J = 1 and indirect  neutral orb i t s  by J = 2 we get from f lux 
conservati on 
r 
where 
(J + ( J )  
and nHe+ ( r e ¶  Qe) i s  the He number density a t  the point (re,  o ~ ) ,  nHe 
i s  the neutral He number density a t  the point ( rO,$O),  ~ ~ ( ~ ) ( r ~ , $ ~ ; r ~ ~ $ , )  is 
the radial component of He' velocity a t  r e  for  those part ic les  originating 
a t  ( rO,$O) ,  and ddO/d$, denotes the r a t io  of the azimuthal angular sector 
d+, a t  ( r o o )  to  the given sector d+e a t  (re,@e) into which dg0 i s  mapped. 
The integral i s  evaluated along the locus sector. 
The integrand of equation 12 is  plotted as a function of r, and 0, in  
figures 11 through 14 for  (V_) = 10, 20, and 40 km/sec and@ = 45' and 0". 
No plots fo r  @ = 90" are given due to  the extreme an1 sotropy resulting from 
the presence of the dense, we1 1 -defined neutral -par t ic le  t a i  1 mentioned 
ea r l i e r .  The defini tion of th is  t a i  1 depends strongly on the neutral gas 
( J 
temperature. For T = 100°K i t s  contribution to  (re,+e) depends c r i t i c a l l y  
on@since the FWHM of the t a i l  i s  about 3". Furthermore, a crude (for  3" FWHM 
va r i a t i on )  15" g r i d  was used i n  our numeri ca l  analysis t o  ca lcu la te  
(J) 
n ~ e  + (re,$e) and thus i s  no t  su i ted  f o r  ca lcu la t ion  i n  t h i s  case. 
Su f f i ce  i t  t o  say t h a t  for@ = 90° and T a 100°K, one might expect t o  
(J) 
observe anisotropies i n  nHe+(re,+,) o f  the order o f  50 (see Fig. 3). 
The ~ e '  number densi ty  a t  1  AU in tegra ted over v e l o c i t y  space and 
normalized t o  nHe (a) i s  sumnari zed i n  Table 1  f o r  @ = 45" and 0' and <v_) = 
(J 1 
10, 20, and 40 km/sec. It can be seen t h a t  nHe+ (re,@e) increases w i t h  
decreasing CVoD) and t h a t  the anisotropy w i t h  respect t o  azimuthal phase 
$e a t  1  AU increases w i  t h  increasing 8 as we1 1  as decreasing (Y-7. These 
e f f ec t s  p r i m a r i l y  r e f l e c t  the behavior o f  the neut ra l  He number dens i ty  i n  
i n te rp lane ta ry  space, bu t  are a lso a f fec ted somewhat by the greater  aniso- 
t ropy o f  i n i t i a l  ve l oc i t y  condi t i ons  as @ increases t o  90". 
From equations ( 3 ) ,  (8), and (9)  we know the ve l oc i t y  o f  p a r t i c l e s  a t  
1  AU as a  func t ion  o f  t h e i r  i n j e c t i o n  pos i t ion .  Combining t h i s  in format ion 
w i t h  d~+/dr, from equation (13) we can const ruc t  the unperturbed v e l o c i t y  
d i s t r i b u t i o n  funct ion.  Figure 15 shows a p ro jec t ion  i n t o  the e c l i p t i c  o f  
the pos i t i on  i n  v e l o c i t y  space occupied by ions w i t h  i n j e c t i o n  r a d i i  ranging 
between ro = 0.15 AU and 1.0 AU. The actual pos i t i ons  i n  v e l o c i t y  space are 
a 
c i r c l e s  about B w i t h  diameters ind ica ted  i n  the f i gu re .  For reference 
purposes a  spher ical  ve l oc i t y  contour o f  20 km/sec about the so l a r  wind 
ve l oc i t y  VSW = 400 km/sec i s  sketched i n .  The m i  nimum ve l  oc i  t y  angle w i  t h  
respect t o  the r a d i a l  d i r e c t i o n  i s  21" f o r  the condi t ions (Vm) = 20 km/sec, 
@= 45' and 0, = 180'. This minimum ve loc i  t y  angle f o r  d i f f e r e n t  sun-cloud 
conf igurat ions i s  tabulated i n  Table 2. It I s  seen t h a t  t h i s  angle var ies  
on ly  s l i g h t l y  f o r  markedly d i f f e r e n t  i n c i den t  conditions. The cone o f  
occupation can change shape by a t  most 15% t o  20% f o r  the d i f f e r e n t  i n c i den t  
condi t ions considered here. But s ince the d i s t r i b u t i o n  funct ion i s  so 
d i f f u s e  t o  begin wi th ,  t h i s  i s  no t  a  major e f f ec t .  
4) Discussion 
We proceed now t o  the  quest ion o f  whether the  model o f  c o l d  i n t e r -  
s t e l l a r  He i n f a l l i n g  i n t o  i n t e r p l a n e t a r y  space i s  cons is ten t  w i t h  the  
Vela 3 observat ions o f  He'. The two re levan t  Vela 3 observat ional  
r e s u l t s  are: . (1) Most o f  the  time, the  r a t i o  nHe+(re)/nHe++(re) i s  l ess  
than and (2) on r a r e  occasions, nHe+(re)/nHe++(re) i s  observed t o  
be 3 x 1 o - ~  2 50% (Bame e t  a1 , 1971 ) . 
Furthermore, we requ i re  t h a t  the model be cons is tent  w i t h  recent  
observat ions o f  e x t r a t e r r e s t r i  a1 d i  f f u s e  Lyman-a1 pha r a d i  a t i  on observed 
w i t h  instruments on OGO 5 (Thomas and Krassa, 1971 ; Bertaux and Blamont, 
1971 ) . To i n t e r p r e t  these observations, Thomas (1971 ) considered two 
models o f  i n t e r s t e l  l a r  neu t ra l  hydrogen streaming r e l a t i v e  t o  the  sun. 
His f i r s t  model requ i red  a c o l d  (T = 100°K) streaming f l o w  w l  t h  nH(-) = 
0.06 c f 3 .  <vJ = 10 kmjsec o r i e n t e d  i n  the  e c l i p t i c ,  and an i s o t r o p i c  
g a l a c t i c  Ly-a background of about 200 Rayleighs. This was considered 
un l  i k e l y  s ince cu r ren t  theor ies  o f  the  i n t e r s t e l l  a r  medi um usual l y  associate 
4 h igh  temperatures (T - 10 OK) w i t h  a hydrogen number dens i ty  as low as 
0.06 c i 3 .  Furthermore, a c a l c u l a t i o n  by Adams (1971 ) o f  the  g a l a c t i c  Ly-u 
background r a d i a t i o n  y i e l d e d  an upper l i m i t  o f  200 Rayleighs w i thou t  i n c l u d i n g  
the  e f fec ts  o f  Ly-a absorpt ion due t o  i n t e r s t e l l a r  dus t  gra ins,  Thomas ' 
3 second model requ i res  a h o t  (T = 5 x 10 OK) f l ow  w i t h  nH(w) 1 0.12 c d 3 ,  
(v_) = 6 km/sec o r ien ted  approximately i n  the e c l i p t i c ,  and no g a l a c t l c  
Ly-a background.* 
0 
e r  l i m i t  o f  2 Rayleighs o f  584 A r a d l a t i o n  s e t  by Johnson e t  a1 
does no t  c o n t r a d i c t  the  presence o f  neu t ra l  He cons is tent  w i t h  
the above models. 
The model of infalling interstel lar  gas considered in the present 
m Vw paper i s  valid for a f in i te  gas temperature T a t  r = w as long as 
>> 1. For the cold model, = 243 >> 1 ,  and our results are applicable. 
B u t ,  for the hot model ( Ym = 6 km/sec, T = 5000°K), %$$- = 1.72 and 
our expressions for the neutral He number density in the anti-apex region 
break down. In the following discussion we therefore concentrate on the 
cold interstel lar  gas mode1 and we will discuss the hot  model in a l a te r  
paper. 
As mentioned ear l ier ,  placement of (Y_) in the eclipt ic results in 
large variations in nHe+(re, (I,). Figure 9 shows that enhanced fluxes are 
expected for 270' 2 6, 2 360". 
In the neighborhood of I$~ = 270" the major contribution comes from 
neutral He atoms ionized i n  the dense ta i l  close t o  1 AU (see Figures 3 
and 9).  These ions occupy the region a t  the base of the triangular cross- 
section of the velocity distribution as indicated in Figure 15. Since 
these ions travel a relatively small distance in the interplanetary f ield 
before reaching 1 AU, one does not expect much pitch angle scattering. 
Hence these ions would probably not contribute to a peak in an E/q particle 
spectrum a t  4 (E/q)H. 
In the neighborhood of (Ie = 0°, the major contribution comes from 
neutral He atoms ionized in the dense t a i l  close to the sun.  These ions 
normally occupy the region of velocity space a t  the apex of the triangular 
distribution which i s  closest t o  the solar wind velocity. In view of the 
evidence for enhanced noise in the solar wind near the sun, a high R value 
characterizing the in i t ia l  pitch angle distribution of Het ions, and the 
long travel times t o  1 AU, I t  i s  expected t h a t  a good fraction of these ions 
could be incorporated into the solar wind t o  contribute t o  a peak a t  
E/q = 4 (E/qIH* 
One might a lso expect a con t r ibu t ion  t o  a peak a t  4(E/q)H f o r  azimuths 
i n  the range 100" 2 0, 240" ( f o r  rad i  a1 i oni r a t i o n  distances 0 < ro 3 
0.2 AU). Here the magnetic moment i s  small so t h a t  He+ ions penetrate 
deeply i n t o  the corona (see Figure 7). Such ions would be expected t o  be 
thermal i zed  and therefore incorporated i n t o  the so la r  wind. 
Last ly ,  a thermalized ~ e +  con t r ibu t ion  i s  expected a t  be = 270" due 
t o  neutral  He i n  the t a i  1 ion ized a t  ro 8 0.1 AU. This Het number densi ty 
i s  given by 
so t h a t  we obtain 
f o r  nHe((" = 3 x c 3  pa) = 10 kmlsec, T = 100°K, nHe++(re) = 0.25 cmm3, 
VSw = 400 km/sec and P(re) = 6.8 x sec-l. This r a t i o  i s  no t  incons is tent  
w i t h  the Vela 3 r esu l t ,  bu t  Vela 3 was a t  @e = 210" when the Het was observed. 
One f u r t he r  comment w i t h  respect t o  the above ca lcu la t ions i s  i n  order. 
P(re)  = 6.8 x sec-' was chosen on the basis o f  the so la r  EUV data of 
Watanabe and Hinteregger (1962). A more recent measurement by Hal l  and 
H i  nteregger (1 970) revealed t h a t  the o r i g i n a l  measurements were systemat ical ly  
high. Use o f  the new data would decrease P(re)  and hence increase the 
neut ra l  He density close t o  the sun. This would tend t o  make the Het densi ty 
a t  1 AU la rger  than the values calculated above. On the o ther  hand, we d i d  
n o t  inc lude c o l l  i s i o n a l  i on i za t i on  i n  ca lcu la t ing  P(re) .  This becomes 
important close t o  the sun which would tend t o  decrease nHe+(re, 270"). 
Hundhausen e t  a1 (1 968) proposed, as an explanation o f  the Vela 3 
measurements, t h a t  backstreami ng ho t  neutral  hydrogen atoms produced by 
charge exchange o f  so la r  wind protons w i th  i n t e r s t e l l a r  hydrogen a t  the 
heliosphere boundary could charge exchange w i t h  so la r  wind ~e++, producing 
+ He . This mechanism requires the f l u x  o f  incoming ho t  (QJ z 400 km/sec) 
neut ra ls  a t  1 AU (which become ion ized before leav ing 1 AU out  the reverse 
s ide) t o  be 1% o f  the so la r  wind f l u x  o f  H+. This f r a c t i o n  F( re)  can be 
estimated i f  we assume t h a t  a l l  so la r  wind protons are converted t o  an 
i so t rop i c  f l u x  o f  ho t  neutrals a t  the heliosphere boundary. Then i f  f(H+) 
i s  the f l u x  densi ty o f  so l a r  wind protons a t  1 AU, the t o t a l  f l u x  o f  f a s t  
H atoms backstreaming through any radius i s  B IT re2 f. The fas t  H atoms 
move along near ly  r e c t i  1 inear  paths. Speci fy ing the impact parameter o f  a 
backstreaming H atom by p and de f in ing  6 as previously, the p r o b a b i l i t y  
a o f  an i n te rac t i on  w i t h i n  1 .AU i s  
a = exp [-r: p(:yT-6)[ - [-.: p(:i(T+6# 
Then 
r 
where R i s  the radius o f  the heliosphere. In tegra t ing  numerically, we 
obta in  
But R i s  expected t o  be a t  l e a s t  10 AU so t h a t  we obta in  ~(r , )  ; 
This i s  an order o f  magnitude smaller than required by Hundhausm, e t  a1 
(1968) t o  account f o r  the Vela 3 measurement. 
Csncl us i on 
We conclude t h a t  a1 though the possi b i  1 i t y  ex i s t s  t h a t  nHe+(re,#e)/ 
nHe++(re) i n  the so la r  wind i s  subs tan t ia l l y  h igher than pred ic ted from 
6 i on i za t i on  equ i l i b r ium i n  a  10 OK expanding corona, i t  could be h igh ly  
var iab le  and depend s t rong ly  on $e, the azimuthal pos i t i on  o f  observation 
about the sun. We have shown tha t  i f  the s p i r a l  magnetic f i e l d  i s  noise 
free, the ve loc i t y  d i s t r i b u t i o n  o f  He' a t  1  AU i s  d i f fuse.  Such a spectrum 
would no t  produce a peak a t  4 ( ~ / q ) ~  i n  an ~ / q  spectrum. ~f (c} i s  i n  the 
e c l i p t i c ,  la rge var ia t ions  i n  nHee(re,$e) w i t h  respect t o  $, are expected. 
Since so la r  wind magnetic i r r e g u l a r i t i e s  are expected t o  be enhanced close 
t o  the sun, ce r t a i n  4, values w i  11 be more favorable than others f o r  
observing He+ i n  a  peak a t  4 ( E / q ) ~  i n  an ~ / q  spectrum. For example azimuthal 
pos i t ions i n  the neighborhood o f  100" 2 Oe 2 240° corresponding t o  i n j e c t i o n  
r a d i i  0  c ro 0.2 AU receive cont r ibut ions due t o  a  cance l la t ion o f  the 
+ i n i t i a l  magnetic moment, r e s u l t i n g  i n  deeply penetrat ing He o rb i t s .  This 
may resul  t i n  e f fec t i ve  thermal i za t ion .  Another 1  i ke ly  range o f  locat ions 
f o r  observing thermal i zed  Het ions i s  270" 2 $, $ 360'. 
A value o f  nHe+(re)/nHet+(re) i n  the so la r  wind o f  = 5 x  lom4 can be 
predicted by the presence o f  a  dense neutral  t a i  1  due t o  i n t e r s t e l l  a r  i n f a l  1  . 
More Het i s  ava i lab le  from the i n t e r s t e l l a r  i n f a l l  bu t  a  ca lcu la t ion  o f  i t s  
r e l a t i v e  magnitude appearing i n  a  spectral  peak requires a  knowledge o f  the 
rad i  a1 dependence o f  the power densi t y  spectrum o f  magnetic i rregu l  a r i  t i e s  i n 
the so la r  wind a t  times j u s t  preceding the observation. 
It i s  i n t e res t i ng  t o  note t h a t  the Vela 3 spectra w i t h  the anomalous 
peak a t t r i b u t e d  t o  ~ e '  were obtained on October 8. October 8 corresponds t o  
@e = 210" f o r  the Earth. This i s  i n  the neighborhood where magnetic moment 
cancel 1  a t i  on i s  expected t o  produce deep r a d i a l  penetrat ion and hence therma- 
l i z a t i o n .  O f  course, deep penetrat ion could a lso r e s u l t  i n  a  second i on i za t i on  
++ y i e l d i n g  He . We feel t h a t  one should no t  place too much emphasis on a  
comparison of a  s ing le  measurement w i  t h  the ideas presented above. 
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Table 1 
Integrated Normal ized Het Number Density nHe+(re.$e)/nHe(w) at 1 AU 
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Table 2 
Minimum Veloc i ty  Angle $ o f  the ~ e +  Veloc i ty  D i s t r i b u t i o n  
Function w i t h  respect t o  the Radial D i rec t ion  
<v, > $ (degrees) 
(degrees) 
Figure Captions 
A 
1) The i n t e r s t e l l a r  i n f a l l  coordinate system w i t h  (v,) i n  the e c l i p t i c .  
2) The normalized neutral  He number density as a func t ion  o f  he l i ocen t r i c  
distance: (\r> = 20 km/sec, @ = 90°, 4 = 0' o r  180". 
3) The normalized neutral  He number densi ty as a func t ion  o f  azimuth: 
(VJ = 20 km/sec, T = 10O0KY r = 0.5 AU. The He densi ty p l o t t e d  i n  
the neighborhood o f  @ = 270" i s  the sum o f  cont r ibut ions from both 
d i r e c t  and i n d i r e c t  o rb i t s .  
4)  The vel  oc i  t y  space coordinate sys tem re1 evant t o  ca lcu la t ion  o f  the 
neut ra l  He number densi ty f o r  6 = 0. 
5)  The azimuthal pos i t i on  o f  a charged p a r t i c l e  r e l a t i v e  t o  the azimuthal 
pos i t i on  o f  i n j e c t i o n  i n t o  the so la r  wind a t  Venus. 
6)  The components o f  the ve loc i t y  o f  a charged p a r t i c l e  i n j ec ted  i n t o  the 
so la r  wind a t  Venus as a function of he l i ocen t r i c  distance. 
7) Het o r b i t s  i n  an idea l  s p i r a l  magnetic f i e l d  fo l l ow ing  i n j e c t i o n  from 
d i  r e c t  neutral  he1 ium o r b i t s  : (vA= 20 km/sec, @ = 90°, Vsw = 400 km/sec 
and ro = 0.15 AU. 
~ e +  o r b i t s  i n  an idea l  s p i r a l  magnetic f i e l d  fo l l ow ing  i n j e c t i o n  from 
i n d i r e c t  neutral  he1 i urn o rb i t s :  <V,) = 20 kmlsec, a= 90°, VSw = 400 kmlsec 
and ro = 0.15 AU. 
The locus o f  source po in ts  o f  ~ e '  f o r  detect ion a t  1 AU fo l l ow ing  
i n j e c t i o n  from d i r e c t  neutral  he1 ium orb i t s :  0,) = 20 km/sec, @= 45", 
Vsw = 400 km/sec. 
The locus o f  source j o i n t s  o f  Het f o r  detect ion a t  1 AU fo l low ing  
i n j e c t i o n  from i n d i r e c t  neut ra l  helium orb i t s :  (vJ = 20 kmlsec, 
@=  45", Vsw = 400 km/sec. 
The d i f f e r e n t i a l  Het number densi ty a t  1 AU as a funct ion o f  i n j e c t i o n  
radius: <V ) = 10 km/sec, @ = 45'. $e denotes the azimuthal pos i t i on  
o f  observatron i n  the e c l i p t i c .  
The d i f f e r e n t i a l  Het number densi t y  a t  1 AU as a funct ion o f  i n j e c t i o n  
radius: (V ) = 20 km/sec, @= 45". denotes the azimuthal posi t i o n  
o f  observatron i n the ec l  i p t l  c. 
The d i f f e r e n t i a l  He+ number densi ty a t  1 AU as a func t ion  o f  i n j e c t i o n  
radius: (vQ = 40 km/sec, @= 45". $e denotes the azimuthal pos i t i on  
o f  observation i n  the e c l i p t i c .  
The d i f f e r e n t i a l  ~ e '  number densi ty a t  1 AU as a funct ion o f  i n j e c t i o n  
radius f o r  ($ = 0". 
15) The p ro jec t ion  o f  the ~ e +  ve loc i t y  d i s t r i b u t  on funct ion i n t o  the 
l!i ec l  i p t i  c. Each 1 i ne drawn perpendicular t o  represents the diameter 
o f  a c i r c l e  about 3 corresponding t o  He+ ions i n j ec ted  i n t o  the so la r  
wind a t  r = ro. The c i r c l e  about a r ad ia l  ve l oc i t y  o f  400 km/sec 
represent the p ro jec t ion  o f  a sphere w i t h  20 km/sec radius. 
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